Insight into the biology of early tumor formation is provided by studies which demonstrate through the use of cell-lineage markers that some tumors have a polyclonal composition. Novelli et al. 1996 proposed to use the proportion of heterotypic tumors among the tumors that are either heterotypic or pure and of the minority marker type as a lower bound on the marginal fraction of polyclonal tumors. Generally, Novelli's ratio does not provide a valid lower bound for the marginal polyclonal fraction, as we demonstrate by analyzing relevant conditional probabilities. Estimation of the polyclonal fraction requires modeling assumptions on the distribution of the number of involved clones. Using three elementary models, we develop maximum likelihood estimation of the polyclonal fraction. We establish robustness of our estimates to misspecification of the clone-marking process. On data from several published studies, our estimates of the polyclonal fraction are substantially smaller than Novelli's ratio.
by studies which demonstrate through the use of cell-lineage markers that some fraction of tumors have a polyclonal composition. An important example comes from a study of familial colorectal cancer reported by Novelli et al. 1996. Intestinal tumors (microadenomas) had been measured in an unusual patient who not only had inherited a defective tumor suppressor gene, making him susceptible to intestinal cancer, but whose tissues were mosaic with respect to the presence of the Y chromosome. The presence (XY) or absence (XO) of Y could be measured in cells, and this formed a useful binary lineage marker; each cell inherited its type from its parent cell. The patient presented with 263 microadenomas in his intestinal tract; 4 of these were pure (homotypic) and of the minority XO type, 246 of these were homotypic and of the majority XY type, and the remaining 13 were heterotypic in that they contained cells of both marker types. These 13 tumors were overtly polyclonal; assuming integrity of the marker labeling, none could have formed as cells descendant from a single initiated aberrant cell.
Polyclonality has been an intriguing possibility in cancer research. The conventional model is that a tumor develops from a monoclonal cell lineage within which genetic damage accumulates (e.g., Nowell 1976) . However, if polyclonality is necessary for certain tumors to grow, then there would be intercellular interactions of importance to the initiation and maintenance of the tumor. There are also statistical questions raised by studies of polyclonality, though for some time these have not received considerable attention (Bühler 1967; Linder and Gartler 1967; Thliveris et al. 2005 ).
In the Novelli et al. study, it was possible that covertly polyclonal tumors were among the 250 homotypic tumors, but the actual number of such polyclonal tumors could not be measured because the binary lineage marker did not distinguish different clones within a tumor that happened to have the same value of the binary marker. All heterotypic tumors are polyclonal, but not all polyclonal tumors are heterotypic. Recognizing the inherent missing-data structure, Novelli et al. proposed, as a lower bound on the fraction of polyclonal tumors, the proportion of heterotypic tumors among those that are either heterotypic or homotypic of the minority marker type. That became 13/(13 + 4) = 76% for these data. It is a rather impressive inference, since we know with confidence only that the polyclonal fraction exceeds the heterotypic fraction, estimated at 13/263 = 5%. Merritt et al. 1997 used the same ratio technique to bound the polyclonal fraction in tumor count data from mouse aggregation chimeras, and, strikingly, obtained the same value 76% when results from two mice were combined. These and related results are reviewed in Dove et al. (1998) and Garcia et al. (1999) . A recent study by Thliveris et al. (2005) overcomes biological limitations of earlier studies and provides another example of data relevant to the polyclonal fraction. Indeed, the question of polyclonal tumor origin is expected to recur as lineage-marker studies improve. A statistical analysis of methods for estimating the polyclonal fraction therefore seems to be warranted, especially considering a problem with the Novelli's ratio.
Novelli's ratio is not a valid bound
Lineage-marker studies of polyclonality offer two binary classifications of tumors in a tumor population: (1) clonality, i.e. whether the tumor is monoclonal or polyclonal, and (2) phenotype, i.e. whether the tumor is homotypic or heterotypic. Table 1 shows the cross classification of such a population in terms of these factors. Tumor count data provide direct information on the marginal row proportions, but complete data are not available on entries inside the table. Logically no tumors can be both heterotypic and monoclonal (assuming integrity of the lineage marker). Note that the covertly polyclonal tumors are those satisfying POL ∩ HOM and the overtly polyclonal tumors satisfy POL ∩ HET. 
The inference problem is to estimate or somehow bound θ = P (POL) using counts of homotypic and heterotypic tumors. The obvious bound P (HET) ≤ θ is valid, but it is not tight if a significant fraction of the homotypic tumors are polyclonal. For instance, P (HET) was estimated to be 5% in the Novelli et al. study, but those authors estimated θ to exceed 76%.
In a system where each clone has one of two possible types, HOM is the union of tumors of the minority type HOM 1 and the majority type HOM 2 . For instance XO was the minority type in the Novelli et al. study. That paper proposed
as a lower bound for θ. HereB estimates the population quantity
A clear rationale for the claim that B ≤ θ was not provided in Novelli et al., but the idea may have been simply this: among the heterotypic and minority-homotypic tumors, the polyclonal fraction is
According to Table 1 , the first term in the numerator is P (HET). The second term, furthermore, is liable to be small if the minority cell type is a small proportion of the whole, since multiple clones from that minority component have to somehow interact to form each tumor. Regardless of the magnitude of the second term in the numerator of (3), it is true that
Thus Novelli's ratio (2) does bound a certain polyclonal fraction, but it is not θ, the marginal polyclonal fraction of interest; rather B is a lower bound on the rate of polyclonality among the heterotypic and minority-homotypic tumors. Were there some sort of conditional independence, it would follow that the bound also holds marginally. This is not the case. In fact, in the population of heterotypic and minority-homotypic tumors, polyclonality is more frequent than in the whole population of tumors (Theorem 1 below). There is a positive gap between the polyclonal fraction and the quantity being bounded below by Novelli's ratio B. This creates a problem, for if B lies in this gap, then it is not a lower bound for the marginal polyclonal fraction. Section 3 gives scenarios where the bound holds, and, more importantly, realistic scenarios where it does not. Section 4 describes an alternative statistical approach to estimate the polyclonal fraction.
To reiterate, the difficulty with Novelli's ratio B stems from a positive gap between θ and the larger quantity P (POL | HET ∪ HOM 1 ) ; if B lands in the gap, then it exceeds θ. Further, whether or not B lands in the gap depends on details of the tumor initiation process, and, therefore, B can not be a general purpose lower bound. The gap is always non-negative. Some conditions are required to establish strict positivity. For one, we require 0 < θ < 1. But this is innocuous; if θ = 1 then any quoted rate would provide a valid lower bound for θ; on the other hand if θ = 0 then all tumors would be homotypic and the question of polyclonality would not have surfaced in the first place. We make no specific assumptions about the nature of polyclonality (e.g., the number of clones involved)
nor the means by which clones are marked. However we do require a weak technical assumption about the stochastic process governing clonal marking which essentially ensures that heterotypic tumors are possible. Consider that in a population of tumors comprised of monoclonal tumors and, for various k ≥ 2, tumors originating by the interaction of k clones, we have an overall proportion γ t of clones that are of type t.
Definition: The clone marking process is regular if for each clonal type t, 0 < γ t < 1 and
POL k is the event that the tumor is formed from exactly k clones, and MON is the event that the tumor is monoclonal.
The first condition implies, among other things, that there are at least two clonal types.
A non-regular marking process would be one, for instance, in which the types of all clones in a polyclonal tumor are fully determined by the type of one of those clones. This might seem plausible for tumors forming in a large mono-typic region of the intestine, but the condition refers to the entire population of tumors, and so such determinism would eliminate the possibility of heterotypic tumors. The assumption of regular clonal marking includes a range of plausible stochastic processes, such as those in which the marking is neutral and thus independent, in a certain sense, from the process by which the tumors become monoclonal or polyclonal. We take up the point at the end of this section. First let us establish the positive gap.
Theorem 1. Suppose that 0 < θ < 1 and further that the stochastic process which marks clones is regular. Then θ < P (POL | HET ∪ HOM 1 ) .
Proof of Theorem 1:
We prove something slightly more general than is stated. Let t denote any one of the clonal types, and consider the event T = {tumor is homotypic of type t} , which has probability 0 < P (T ) < 1 by regularity. Observe that the polyclonal fraction θ is a weighted average
where T c is the compliment of T . In a two-type system where t is the majority type, T c = {HET ∪ HOM 1 }, for example. To establish the positive gap it is sufficient to prove P (POL|T ) < θ. By Bayes's rule, this is equivalent to P (T ) > P (T |POL). Now the marginal P (T ) is decomposed into non-zero terms according to clonality:
where γ t ∈ (0, 1) is the marginal rate of type t clones and a = P (T |POL) has to do with the stochastic process by which multiple clones are marked in a polyclonal tumor. Thus the difference
We have assumed θ < 1, and γ t ∈ (0, 1) in the statement of the theorem, so the theorem is true if a < γ t . Polyclonality itself may be expressed as a union over the number k ≥ 2 of contributing clones. Given k, some joint distribution over clone marking governs whether or not all the clones are of type t. With suggestive notation,
where q k = P (POL k ) is the fraction of tumors comprised of k clones where k ≥ 2. (Note
The last inequality follows from the definition of a regular marking process. We end this section by returning to the assumption that the clonal marking process is regular. The value of lineage-marker studies derives in part from the possibility that the markers are neutral in the sense that the marking itself does not alter the polyclonal structure. To be specific, let N k (t) denote the number of clones of type t that are bound together in a tumor, which itself is considered to be sampled randomly from the population of tumors formed from k ≥ 1 clones. These are count random variables, and k = t N k (t).
The tumor is homotypic of type t if N k (t) = k, for example. One definition of neutral marking is to insist that the expected proportion of type t clones in clonality-k tumors does not depend on k; i.e. E {N k (t)/k} = γ t . It follows by routine algebra that if the marking process is neutral and if it allows heterotypic tumors (i.e., if t P (N k (t) = k) < 1), then the marking process is regular.
An elementary neutral marking process entails independent type assignments according to distribution {γ t } over types. Independence requires few parameters but it conflicts with the spatial patterning evident in real tissue that is a mosaic of different types (Griffiths et al. 1989; Novelli et al. 2003; Thliveris et al. 2005) . Neutral marking can respect this sort of patterning through positive association by boosting the homotypic rate P (N k (t) = k) above the independence homotypic rate γ k t .
Random marking in monoclonal and biclonal tumors
Taking the concepts from the last section to a concrete example, suppose that tumors are monoclonal with probability 1 − θ or are formed from two clones, and thus are biclonal with probability θ. Tumor-bound clones are marked independently by one of two types, with the minority type t = 1 having frequency γ 1 < 1/2.
Evaluating (3), the proportion of biclonal tumors among the heterotypic or pure type-1 tumors is
As promised by (4), Novelli's ratio B does provide a lower bound for a certain conditional polyclonal fraction. However there is a gap between that conditional fraction and the smaller marginal polyclonal fraction θ of interest, and so B can fail. Figure 1 charts the difference ∆ = θ − B for different polyclonal fractions and different minority type frequencies γ 1 . When both θ and γ 1 are large, Novelli's ratio provides a legitimate bound because ∆ > 0. The bound fails when ∆ < 0. In terms of state-space area, the bound fails for most scenarios. The error is particularly extreme in the realistic situation where the minority fraction is small.
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What statistical recourse is there for inference about θ? It seems that the weak lower bound P (HET) ≤ θ is the best one can do without adopting modeling assumptions on the nature of polyclonality. Mathematically, for example, it is possible that tumors are either monoclonal or polyclonal of some large degree k, and are marked by some simple marking scheme. If this were the case, virtually all the polyclonal tumors would be heterotypic, and so the the simple lower bound P (HET) ≤ θ would be tight. Biological intuition suggests that we reject this extreme model of polyclonality for something more sensible. Three elementary models of clonality are:
1. Monoclonal/Biclonal: As in Section 3, polyclonality is equivalent to biclonality. This is the simplest form of polyclonality. One justification is parsimony; a biological justification might be as minimal representation of interacting clones.
Conditional Poisson:
The number K of clones in a tumor has probability mass function
for k = 1, 2, . . . and λ > 0. This is a Poisson distribution conditioned on at least one clone, and could be justified under some model of random collision or random collision followed by selection if there is sufficient tumorigenic potential. Here, the polyclonal fraction is θ = 1 − λ/ {exp(λ) − 1}.
3. Geometric: The number K of clones in a tumor has probability mass function Likelihood-based inference for θ is possible if we also invoke a model for clone marking.
The simplest one is to mark the clones that are bound in a tumor independently and according to a common distribution over types {γ t }. A better model would entail some positive association among bound clones since they are constrained spatially and there may be a semi-regular patchwork pattern of lineage markers within the tissue. It could be computationally challenging to incorporate detailed information about positive association.
Maximum likelihood estimation has some validity even in the absence of random marking.
We argue at the end of this section that the maximum likelihood estimate obtained under the random marking assumption is conservatively biased, in the sense of converging to a lower bound on θ, regardless of the positive association among clones bound in a polyclonal tumor.
To compute the marginal probability of a homotypic tumor of type t, we must sum over the unknown clonality. For the three clonality models presented above, and with random marking, these sums can be solved explicitly. The tumor sample is viewed as a multinomial draw according to these type probabilities, allowing for the heterotypic class to have probability equal to the complement of the sum of these homotypic class probabilities. We have not found a closed form expression for the maximum likelihood estimates, but they may be obtained routinely by numerical methods.
One may either use external estimates of the clonal marker frequencies {γ t }, or these may be also estimated from the count data. Table 2 shows the maximum likelihood estimates of θ for data from Novelli et al. (1996) and for data from Merritt et al. (1997) . The estimates are rather different from Novelli's ratio in these examples (standard errors estimated from observed information were relatively small and are not shown; model-specific bias may be larger). Maximum likelihood estimates obtained by independent marking as described above will be biased if there is positive association amongst the types of the bound clones. Such positive association is expected owing to the typical patchy structure of mosaic tissue.
However, this bias is expected to be conservative, (i.e., the estimates ought to be low) since the independent marking puts more probability mass on heterotypic tumors than would a more realistic positive association marking. To establish the conservative bias, suppose that clone-type frequencies {γ t } are known or can be consistently estimated. Under random marking, a tumor will be homotypic type t with probability α t (θ) = (1 − θ)γ t + k≥2 q k γ k t . Positive association of clonal marking amounts to an increased homotypic rate β t (θ) ≥ α t (θ). The rate of heterotypic tumors under random marking is a(θ) = 1 − t α t (θ) and under positive association is b(θ) = 1 − t β t (θ), both positive by regular marking, and satisfying a(θ) ≥ b(θ). Both functions are in 1-1 correspondence with the polyclonal fraction θ, and so either could be used to parameterize a likelihood computation for the random-marking model. Suppose that the maximum likelihood estimate for ψ = a(θ) is derived from a binomial model on the heterotypic frequency. Even though the random-marking is incorrect, the random-marking estimate of ψ will be consistent for this population heterotypic frequency; but in fitting closely to the data, an incorrect value θ * = a −1 (ψ) = θ will be converged upon. The correct polyclonal fraction is what we would have converged to using the positive association model, namely θ = b −1 (ψ). Since a(θ) ≥ b(θ), the value θ * to which the random-marking estimator converges must be no greater than the true polyclonal fraction θ. 
